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O BBIBOJIE ®OPMYJIbl TEJIOPA BE3 IPUMEHEHMUS
HUHTEI'PAJIBHOI'O UICYUCJIEHUSA

B naHHOI cTaTbe mpeiaraeTcss HOBBIA METOJAMYECKAM TMOOXO0A K TMOJYYEHHUIO
¢dopmynel Teiliopa, OCHOBaHHBIN JIUIIb HA NOHATUU U depeHIUPYeMOCTH (PYHKIIUU OJHOU
MIEPEMEHHON B HEKOTOpPOW (UKCUPOBAHHOM TOYKe, T.€. 0€3 NPEINoJIOKEHUs ee
UHTErpUPYEMOCTH Ha 3aJaHHOM uHTepBayie. [IpM 3TOM HCIOJIB3yeTCs aCUMITOTHYECKOE
npencrasienne CTupiauHra Juisi ¢gakTtopuaia OONBIIMX 3HAUYEHUN apryMeHTa U BTOpOH
3aMmeuaTeNbHbIN npezen. [lpemmaraemplil aBTopaMy MOAXO/ HE SIBJSIETCS MMOJTHOCTHIO CTPOTO
000CHOBAHHBIM, OJJHAKO MOYET paccMaTpUBATHCS B KayeCTBE HABOMSIIMX PACCYXKIACHUHA K
MOJIyUEHUIO yKa3aHHOU BbIlie (opMynbl. DTO TMO3BOJSET MPEUIOKUTH albTepHATUBHBIN
BApUAHT HM3JI0KEHHsI TaHHOM TeMbl (IIOMUMO CYIIECTBYIOIIETO0 Ha CErOJlHs) B paMKax Kypca
BBICIICH MAaTeMaTUKU, HE HCIOJIb3YIOIINII MHTErpaIbHOTO WMCYHMCIEHUS, U3jaras 1mno-HOBOMY
JaHHBIA paszlien U, CJleloBaTelIbHO, MO-ApYroMy (HE3aBUCUMO OT HWHTETPaIbHOTO
WCYHCIIEHUS) BBICTpanBasi CTPYKTYpPy BCEro Kypca BbICIIeH mMareMaTuku. JlaHHBIN MOIXOn
HECJIOKHO, paccyXaas II0 aHAJIOTMM, PpAacCHpPOCTPaHUTh HAa (QYHKIHUIO HECKOIbKUX
nepeMeHHbIX. [Ipu ATOM MOHATHE TPOU3BOAHON, OUEBUIHO, 3aMEHSIETCA HAa TOHITHE YaCTHOU
MPOU3BOJHOM.

Knrwouesvie cnosa. nuddepennupyemas ¢yHkuus, ¢opmyna Teinopa, dopmyna
CrupirHra, BTOpoi 3aMedaTesbHbIN npeaes

[ycts f (X) - nuddepennmrpyemMas GyHKIHS B OKPECTHOCTH TOUKHU

X, € [a,b], To ecTp cymecTByer mpoussomHas

im Af(x) _ lim o f(x, +Ax)— F(x) _ f'(%)

= 1)
AX—>0 AX AX—0 AX

N3 (1) cnenyer, uto nmpu AX~(0 BBIIOJHICTCS MPUOIMKESHHOE COOTHOIICHHE
f (%, +Ax)— (%)

(%)= o , OTKYy/Ia TIOTy4YUM

f (% +AX)= (% )+ f'(%)Ax Ax=0. (2)
Paccyxnas aHaoOru4HO, 3amummem

f (% +2A%X) = f (%, +AX)+ f'(%, +AX)AX, AX =~ 0. 3)
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C npyroil CTOpOHBI, eciu (yHKLIHS f’(x) Takke aud@epeHurpyemMa B TOUKE
X, + AX, To ecTh cymectByer f"(X, +AX), 3amensis B (2) pynkumio f(X) ma
f'(x),a f'(x) ma f"(x), naitnem:

f'(xy + AX)= (X, )+ T"(Xy)AX, AX = 0. 4)
Torna, moactasmsis (2) u (4) B npaByro 4acTh (3), MOTyUUM:

f (% +2A%) & f (%, +AX)+[ /(%) + T (%) AXJAx = (%) + T/ (%)) Ax+ (%, ) Ax+
+17(%)AX* = f (%) +2F" (%)) Ax+ f"(x, ) AX*.

Takum oOpazom,
f(Xo +2AX)= f(%y)+2F (X, )AX + f (X, )AX?, A = 0. (5)
O606mmas hopmysl (2) u (5), 3anuIIeM:

f (X, +NAX) ZCf ,)AX, Ax~0(n=0,1..). (6)

Jokaxem (opmyny (6) unaykuuedn mo n. Ipu N=0 wu3 ykasanHoi
(GbopMyIbl TIONYYUM TPHU JIIOOOM X TOXKIAECTBEHHOE PABEHCTBO: f(XO): f(xo),
KOTOpO€, B 4YacTHOCTH, BepHO W mpu AX=0. Ilpeanonoxkum, 4TO aHHAS
dbopmyna cripaBeniiiBa npu HekoTopoM N.Torma mo gpopmyse (2) nmeem:

f(xo + [N +1]ax) = T ([x, + NAX]+ AX) = (X, + NAX)+ f'(X, + NAX), @)
AX = 0.

C npyroit CTOPOHBI, IO MPEANONIOKEHUIO MAaTEeMaTUYECKON MHIYKIIUU, 3aMEHSIs

B (6) f(x)ma f'(x), naiimem:

(% +nx) ZC (f( )

[Moncrasmsis popmyst (6) u (8) B (7), 3anumiem:

ZC £ (%, )Ax*, Ax = 0., (8)

f (% +[n+1]Ax)~ ZCf )Axk+zn:anf(k+l)(xo)Axk”. CrmenaeM BO  BTOpOM
k=0

CyMMe B MpaBOil 4acTH Mocieanel popMyibl 3ameHy: M=K+1, oTkyna ciemyet

m=1,...,n+1, k=m-1. Torma
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n n+l

f (% +[n+1]Ax) = DTCHF X (%) Ax + > Cm £ (%, )AX" =CP O (x,) +

n n
k=0 m=1

+Zn:(C§ +Cr ) £ (% JAxE +C7 £ Y () Ax™
k=1

YuureiBas, 4TO

ckrckt=ck, (k=01.mnef0l..)}), 9)

n+1

TOJTYYUM:
f (% +[n+1]Ax)~ f (x0)+icr‘j+lf(k) (%) AX* + £ (x, ) AX™, Ax = 0.
k=1

ITockonmbky Ax°=1,C°,=1,C =1, TO mOCIeIHIOIO (OpPMYyIy TMEpenuilieM B

n+1 n+1

CJICAYIOIIEM BUJIE:

n+1

f (% +[n+1]ax)= Y Cr, T (%, )AX, Ax~0. Takum oGpasom, momyunmu $popmyiy

n+1
k=0

(6) mpu N+1, yro u gokaseiBaeT €€, COMIACHO METOAY MaTeMaTHYECKOM

uHAyKIuK. Jlanee, o0o3Hayas x = x, + nAx,(n>0), moiy4aem

ax =2 _nxo . (10)

Torna popmymy (6) npencraBuM B BUJE:

. VR
f(x)~ ZC,':f(")(xO)(X XO) , AX = 0. (6%)

k=0 n

Otmetum, uto (6), a 3HaunT u (6*) ABIseTCS MPUONMKEHHBIM PaBEHCTBOM B
CWIy TPUOIMKEHHOTO COOTHOIIEHHUS (2), KOTOpOE TMOJIYy4YeHO TMpU 3aMEHE
yenoBus AX—>0 B (1) ma ycmoBue AX~0. Ilostomy, momaras B (6%)

AX — 0 < N —> o0 BMecto AX = 0, nonyunm GopManbHO TOUHOE PABEHCTBO:

k
im > Ckf (k)(xo)(x_ XO) , (11)

f(x)=lim > =0 £ ) (x; Nx—x, ) (11%)

[TockonbKky cripaBeyBa acuMnroTndeckas Gopmyna Crupimnra [1]:
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n—ol @ (12)
WJIU B NIpeJiebHOoM dhopme
: n!
lim - =1, (12%*)
nN—oo ( n
(j N 2T
€
TO
n—k
(n—k) ~ (”_‘k) 27(n—K), (13)
Nn—o0 e
TO €CTh
— k)
i —— Ky (13
(n_j J27(n=k)
€

31ech TPUMEHSETCS IMOHATHE ACHMIITOTHYECKOW IKBHBAJCHTHOCTH ()YHKIIHIA
h(x) u g(X), o3HavaroIee ciIeayrolnee COOTHOMICHHUE:

h() _,

h I
(x) (x) & |m UL

B cuny (12%) u (13%)

. e
. ck n! lim " =
I|m—”—I|m—_n—>oo n—kY)"
e
n—k
n
imf ) B (0 )"
x| @ k!nk( _kj”‘k n—k = kl{n-k
e
N KV et Kaw ekek 1
= lim 1+ =——lim enk = = —, TO eCTb
n—owo K n-—k n—o0 kl |
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nk

Ck ~— (k> (14)

n—wo Kl
3/1ech HCIONIb30BaH BTOPOHM 3amedareibHbld mpeaen [1]. Torma, ¢ yderowm

cootHomenus (14), nepenumiem pasenctso (11*) B Buze:

© (k)(XO)(X ~ xo)k |

Ecnu cymectByeTr mpeaen CyMMbl B IpaBOM 4YacTH MOCIEIHETO
COOTHOILIEHHUS, TO MO ONPEIETICHUIO MOIYIUM HOPMYITy

fx)= 300 (g ) (15

o K!

CTaBSILI[YI0 B COOTBETCTBUE OeckOHEUHO nuddepeHnupyeMoi GyHKIUNA f(X)
pan Teinopa B Touke Xq. JlaHHBIE pacCyXAE€HUS ABIAIOTCS JHUIIb HABOAALIMMU

Ha BBIBOJ (hopmyibl (20), He Kacasich YCIOBUM CXOJMMOCTH (CYIIIECTBOBAHUS)

psna Teitnopa B 3agaHHOl Touke Xq. IIpu BeiBome Gopmyinsl (15) ucnonssyercs

dopmyna CTupiUHTa U BTOPOM 3aMeyaTeNIbHBIA Tpejed, HO HE HMCIOJb3yeTCs
MOHATHE WHTETPUpPOBaHMS (M yX TeM Oosee, (GopMyrna HWHTErPUPOBAHUS I10
4acTaM), a IPUMEHSIETCS MHOTOKPAaTHO cooTHomieHue (2), (BbITEKaroliee u3
OmnpeAeeHUs] TPOU3BOAHOM). DTO MO3BOJISIET MPEIJIONKUTh AIbTEPHATUBHBIN
BApUAHT M3JI0)KEHUSI TAHHOW TEeMbl (IIOMUMO CYHIECTBYIOIIETO Ha CETOHS) B
paMKax Kypca BbICHIEH MAaTEeMaTUKH, HE HCIOJIb3YIOIMIMNA HWHTETPaIbHOTO
WCUYUCJICHUs, W3Jaras IO0-HOBOMY JaHHBIA pa3liel W, CIeJ0BaTEIbHO, IIO-
Ipyromy (HE3aBHCUMO OT MHTETPAIbHOTO MCUUCIIEHUS) BBICTPAUBAs CTPYKTYPY
BCEro Kypca BBICIICH MaTeMaTUKU. JlaHHBIA MOAX0[] HECIOXHO, paccyxaas Imo
aHAJIOTHH, PACIIPOCTPAHUTh HAa (DYHKIMIO HECKOJIbKHX MepeMeHHBIX. [Ipu 3TOoM
MOHSATHE TPOU3BOJHOM, OYEBUIHO, 3aMEHAETCS Ha T[OHSITUE YacCTHOMU

MPOU3BOJHOM.
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Crnemyer OTMETHThH TaKXe, 9TO B paMKax BBICIICH MAaTEeMaTHKHA BMECTO
MPUOIMKEHHOTO COOTHOIIEHUs (2), 0ojee eCTeCTBEHHO MCMHOJb30BAaTh TOYHOE

PaBEHCTBO, fABIIAOIIEECS onpeneraeHueM qudpepeHunpyemMoctu GyHKIUN f(X)

B TOUKE XOZ
AF (o) = F (X +AX)— T(Xy)= AAX + a(AX)AX, (16)

rue a(AX)—6eCKOHeqH0—Maﬂaﬂ OTHOCHTENBHO AX, TO ecTh lim a(Ax)=0.
AX—0

Opnnako, npuMenenue popmynsl (16) BMecTo (2) yCIOKHHUT BBIBOJ (hOPMYITbI

(15) mpu ycnosum, uto AX —> 0, XOTs U cAeIaeT ero 6ojiee CTPOruM.
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ABOUT THE CONCLUSION OF TAYLOR'S FORMULA
WITHOUT APPLICATION OF INTEGRATED CALCULATION

This article proposes a new methodical approach to obtaining the Taylor formula,
based only on the notion of differentiability of a function of one variable at some fixed point,
i.e. without assuming its integrability in a given interval. It uses the asymptotic Stirling
representation for the factorial of large values of the argument and the second remarkable
limit. The approach proposed by the authors is not fully strictly justified, however, it can be
considered as a suggestive argument for obtaining the above formula. This allows us to offer
an alternative version of the presentation of this topic (besides the one existing today) in the
framework of the course of higher mathematics, which does not use integral calculus,
presenting this section in a new way and, therefore, differently (regardless of integral
calculus) building the structure of the whole course of higher mathematics . This approach is
simple, reasoning by analogy, to extend to the function of several variables. In this case, the
concept of a derivative is obviously replaced by the concept of a partial derivative.

Key words: differentiable function, Taylor formula, Stirling formula, second
remarkable limit.
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