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MATHEMATICAL MODEL OF POWER FLOW IN A THREE-

PHASE NETWORK USING FACTS DEVICES CONTAINING SVC 

STATIC POWER FLOW COMPENSATOR 

 

To evaluate the effect of the static var compensator SVC (Static Var Com-

pensator) on the operation of unbalanced three-phase power systems, a more de-

tailed model of this FACTS (Flexible Alternative Current Transmission Sys-

tems) device should be developed than for single-phase systems. Consider the 

model SVC, which corresponds to a three-phase reactor with thyristor control 

TCR connected in a delta circuit and installed in parallel with a three-phase ca-

pacitor bank, itself connected in a star circuit [1, 2]. 

Figure 1. equivalent circuit diagrams of the capacitor bank and SVC are 

shown. We assume that the individual TCR modules are controlled individually 

with the thyristor pitch angles β [1, 3]. 

 

 
Fig. 1. Equivalent circuit of a bank of capacitors (a) and thyristor controlled reactors TCR in a 

three-phase network (b) 

 

Consider two SVC models for current flow. In this case, we will use the 

values of the controlled reactive conductance BSVC as state variables in the first 
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model and the values of the pitch angles β of the thyristors in the second model 

[1, 3]. 

Model 1. Using the values of controlled reactive conductivity BSVC in the 

calculation of power flow [2, 3]. 

As shown in Fig. 1, a three-phase capacitor bank connected in a star circuit 

can alternatively be represented in terms of an equivalent circuit connected in a 

delta circuit. The three-phase model SVC for the first three-phase bus is described 

by the following matrix equation [1-3]: 

 

(

𝐼1
𝑎

𝐼1
𝑏

𝐼1
𝑐

) =
1

3
(

𝑗𝐵𝑆𝑉𝐶
𝑎𝑎 −𝑗𝐵𝑆𝑉𝐶

𝑎𝑏 −𝑗𝐵𝑆𝑉𝐶
𝑐𝑎

−𝑗𝐵𝑆𝑉𝐶
𝑏𝑎 𝑗𝐵𝑆𝑉𝐶

𝑏𝑏 −𝑗𝐵𝑆𝑉𝐶
𝑏𝑐

−𝑗𝐵𝑆𝑉𝐶
𝑐𝑎 −𝑗𝐵𝑆𝑉𝐶

𝑐𝑏 𝑗𝐵𝑆𝑉𝐶
𝑐𝑐

)(

𝑈1
𝑎

𝑈1
𝑏

𝑈1
𝑐

),                    (1) 

where 

𝐵𝑆𝑉𝐶
ф1ф2 =

{
 

 
𝐵𝐶
ф1

∆𝐵𝐶
∑ 𝐵𝐶

𝑘 − ∑ 𝐵𝑇𝐶𝑅
ф1𝑘 ,    𝑎𝑡 ф1 = ф2𝑘=𝑎,𝑏,𝑐

𝑖≠ф1

𝑘=𝑎,𝑏,𝑐
𝑖≠ф1

−
𝐵𝐶
ф1𝐵𝐶

ф2

∆𝐵𝐶
+ 𝐵𝑇𝐶𝑅

ф1ф2 ,                              𝑎𝑡 ф1 ≠ ф2

           (2) 

 

𝐵𝑇𝐶𝑅
ф1ф2 =

2(𝜋 − 𝛽𝑇𝐶𝑅
ф1ф2 − sin(2𝛽𝑇𝐶𝑅

ф1ф2))

𝜋𝜔𝐿𝑇𝐶𝑅
ф1ф2

;  

                

𝐵𝐶
ф1 = 𝜔𝐶𝐶

ф1;  ∆𝐵𝐶 = ∑ 𝐵𝐶
𝑘

𝑘=𝑎,𝑏,𝑐

.                            

 

Indicators ф1 and ф2 are used in (2) to denote phases a, b, c. Note that the 

parameters with double exponents ф1 and ф2 correspond to the parameters of the 

device module FACTS connected between phases ф1 and ф2 [3]. 

The three-phase power flow equations for a current transmission line with 

a connected SVC compensator can be derived based on an equivalent circuit (Fig. 

1) when the variable reactive conductance 𝐵𝑆𝑉𝐶
ф1ф2

 is considered as a variable state 

[1-4]. 

In order to limit the amplitude of the nodal voltage to a certain value, the 

reactive conductivity must be controlled automatically using an iterative algo-

rithm [1-4]. 

From the diagrams in Fig. 1 and formula (1), the power flow equations in a 

three-phase line with a power factor correction [1-4] are obtained: 

 

𝑃1
ф1 = −𝑈1

ф1 ∑ 𝑈1
𝑘𝐵𝑆𝑉𝐶

ф𝑘
𝑘=𝑎,𝑏,𝑐
𝑘≠ф

sin(𝛿1
ф
− 𝛿1

𝑘) ;                       (3) 
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𝑄1
ф1 = −(𝑈1

ф
)
2
𝐵𝑆𝑉𝐶
фф

+ 𝑈1
ф∑ 𝑈1

𝑘𝐵𝑆𝑉𝐶
ф𝑘

𝑘=𝑎,𝑏,𝑐
𝑘≠ф

cos(𝛿1
ф
− 𝛿1

𝑘) ;      (4) 

Where ф = a, b, c. If we perform the linearization of equations (3), (4), we 

obtain the following iterated linearized equation [1-4]: 

 

(

 
 
 

∆𝑃1
𝑎

∆𝑃1
𝑏

∆𝑃1
𝑐

∆𝑄1
𝑎

∆𝑄1
𝑏

∆𝑄1
𝑐)

 
 
 

(𝑖)

=

(

 
 
 
 
 
 
 
 
 

𝜕𝑃1
𝑎

𝜕𝛿1
𝑎

𝜕𝑃1
𝑎

𝜕𝛿1
𝑏

𝜕𝑃1
𝑎

𝜕𝛿1
𝑐

𝜕𝑃1
𝑎

𝜕𝐵𝑆𝑉𝐶
𝑎𝑏 𝐵𝑆𝑉𝐶

𝑎𝑏 0
𝜕𝑃1

𝑎

𝜕𝐵𝑆𝑉𝐶
𝑐𝑎 𝐵𝑆𝑉𝐶

𝑐𝑎

𝜕𝑃1
𝑏

𝜕𝛿1
𝑎

𝜕𝑃1
𝑏

𝜕𝛿1
𝑏

𝜕𝑃1
𝑏

𝜕𝛿1
𝑐

𝜕𝑃1
𝑏

𝜕𝐵𝑆𝑉𝐶
𝑎𝑏 𝐵𝑆𝑉𝐶

𝑎𝑏 𝜕𝑃1
𝑏

𝜕𝐵𝑆𝑉𝐶
𝑏𝑐 𝐵𝑆𝑉𝐶

𝑏𝑐 0

𝜕𝑃1
𝑐

𝜕𝛿1
𝑎

𝜕𝑃1
𝑐

𝜕𝛿1
𝑏

𝜕𝑃1
𝑐

𝜕𝛿1
𝑐 0

𝜕𝑃1
𝑐

𝜕𝐵𝑆𝑉𝐶
𝑏𝑐 𝐵𝑆𝑉𝐶

𝑏𝑐 𝜕𝑃1
𝑐

𝜕𝐵𝑆𝑉𝐶
𝑐𝑎 𝐵𝑆𝑉𝐶

𝑐𝑎

𝜕𝑄1
𝑎

𝜕𝛿1
𝑎

𝜕𝑄1
𝑎

𝜕𝛿1
𝑏

𝜕𝑄1
𝑎

𝜕𝛿1
𝑐

𝜕𝑄1
𝑎

𝜕𝐵𝑆𝑉𝐶
𝑎𝑏 𝐵𝑆𝑉𝐶

𝑎𝑏 0
𝜕𝑄1

𝑎

𝜕𝐵𝑆𝑉𝐶
𝑐𝑎 𝐵𝑆𝑉𝐶

𝑐𝑎

𝜕𝑄1
𝑏

𝜕𝛿1
𝑎

𝜕𝑄1
𝑏

𝜕𝛿1
𝑏

𝜕𝑄1
𝑏

𝜕𝛿1
𝑐

𝜕𝑄1
𝑏

𝜕𝐵𝑆𝑉𝐶
𝑎𝑏 𝐵𝑆𝑉𝐶

𝑎𝑏 𝜕𝑄1
𝑏

𝜕𝐵𝑆𝑉𝐶
𝑏𝑐 𝐵𝑆𝑉𝐶

𝑏𝑐 0

𝜕𝑄1
𝑐

𝜕𝛿1
𝑎

𝜕𝑄1
𝑐

𝜕𝛿1
𝑏

𝜕𝑄1
𝑐

𝜕𝛿1
𝑐 0

𝜕𝑄1
𝑐

𝜕𝐵𝑆𝑉𝐶
𝑏𝑐 𝐵𝑆𝑉𝐶

𝑏𝑐 𝜕𝑄1
𝑐

𝜕𝐵𝑆𝑉𝐶
𝑐𝑎 𝐵𝑆𝑉𝐶

𝑐𝑎

(𝑖)

)

 
 
 
 
 
 
 
 
 

(

 
 
 
 
 

∆𝛿1
𝑎

∆𝛿1
𝑏

∆𝛿1
𝑐

∆𝐵𝑆𝑉𝐶
𝑎𝑏

𝐵𝑆𝑉𝐶
𝑎𝑏

∆𝐵𝑆𝑉𝐶
𝑐𝑎

𝐵𝑆𝑉𝐶
𝑐𝑎 )

 
 
 
 
 

(𝑖)

(5) 

 

The elements corresponding to the partial derivatives of the active and re-

active power in the phase angles of the nodal voltage are of the form [1-3]: 
 

𝜕𝑃𝜌,𝑙
ф1

𝜕𝛿𝜌,𝑙
ф1
= −𝑄𝜌

ф1выч − (𝑈𝑙
ф1)

2
𝐵𝜌𝜌
ф1ф2 ,

𝜕𝑃𝜌,𝑙
ф1

𝜕𝑈𝜌,𝑙
ф1
𝑈𝜌,𝑙
ф1 = 𝑃𝜌

ф1выч − (𝑈𝜌
ф1)

2
𝐺𝜌𝜌
ф1ф2 ,      (6) 

𝜕𝑄𝜌,𝑙
ф1

𝜕𝛿𝜌,𝑙
ф1
= 𝑃𝜌

ф1выч − (𝑈𝑙
ф1)

2
𝐺𝜌𝜌
ф1ф2 ,

𝜕𝑄𝜌,𝑙
ф1

𝜕𝑈𝜌,𝑙
ф1
𝑈𝜌,𝑙
ф1 = 𝑄𝜌

ф1выч − (𝑈𝜌
ф1)

2
𝐵𝜌𝜌
ф1ф2  ,        (7) 

- for ρ=1,2 and ф1 ≠ ф2: 

𝜕𝑃𝜌,𝑙
ф1

𝜕𝛿𝜌,𝑙
ф2
= 𝑈𝜌

ф1𝑈𝜌
ф2 (𝐺𝜌𝜌

ф1ф2𝑠𝑖𝑛(𝛿𝜌
ф1 − 𝛿𝜌

ф2) − 𝐵𝜌𝜌
ф1ф2𝑐𝑜𝑠(𝛿𝜌

ф1 − 𝛿𝜌
ф2)),         (8) 

𝜕𝑄𝜌,𝑙
ф1

𝜕𝛿𝜌,𝑙
ф2
= −𝑈𝜌

ф1𝑈𝜌
ф2 (𝐺𝜌𝜌

ф1ф2𝑐𝑜𝑠(𝛿𝜌
ф1 − 𝛿𝜌

ф2) + 𝐵𝜌𝜌
ф1ф2𝑠𝑖𝑛(𝛿𝜌

ф1 − 𝛿𝜌
ф2)),      (9) 

- for the remaining elements: 

𝜕𝑃1,𝑙
ф1

𝜕𝛿2,𝑙
ф2
= 𝑈1

ф1𝑈2
ф2 (𝐺12

ф1ф2𝑠𝑖𝑛(𝛿1
ф1 − 𝛿2

ф2) − 𝐵12
ф1ф2𝑐𝑜𝑠(𝛿1

ф1 − 𝛿2
ф2)),           (10) 
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𝜕𝑄1,𝑙
ф1

𝜕𝛿2,𝑙
ф2
= −𝑈1

ф1𝑈2
ф2 (𝐺12

ф1ф2𝑐𝑜𝑠(𝛿1
ф1 − 𝛿2

ф2) + 𝐵12
ф1ф2𝑠𝑖𝑛(𝛿1

ф1 − 𝛿2
ф2)),       (11) 

𝜕𝑃2,𝑙
ф1

𝜕𝛿1,𝑙
ф2
= 𝑈1

ф1𝑈2
ф2 (𝐺21

ф1ф2𝑠𝑖𝑛(𝛿2
ф1 − 𝛿1

ф2) − 𝐵21
ф1ф2𝑐𝑜𝑠(𝛿2

ф1 − 𝛿1
ф2)),           (12) 

𝜕𝑄2,𝑙
ф1

𝜕𝛿1,𝑙
ф2
= −𝑈1

ф1𝑈2
ф2 (𝐺21

ф1ф2𝑐𝑜𝑠(𝛿2
ф1 − 𝛿1

ф2) + 𝐵21
ф1ф2𝑠𝑖𝑛(𝛿2

ф1 − 𝛿1
ф2)).       (13) 

 

Other elements of the Jacobian in (5) are equal 

𝜕𝑃1
ф

𝜕𝐵𝑆𝑉𝐶
ф𝑘 𝐵𝑆𝑉𝐶

ф𝑘
= −𝑈1

ф
𝑈1
𝑘𝐵𝑆𝑉𝐶

ф𝑘
sin(𝛿1

ф
− 𝛿1

𝑘),                    (14) 

𝜕𝑄1
ф

𝜕𝐵𝑆𝑉𝐶
ф𝑘 𝐵𝑆𝑉𝐶

ф𝑘
= −2(𝑈1

ф
)
2
𝐵𝑆𝑉𝐶
ф𝑘

+ 𝑈1
ф
𝑈1
𝑘𝐵𝑆𝑉𝐶

ф𝑘
cos(𝛿1

ф
− 𝛿1

𝑘).           (15) 

After obtaining the estimate for the given i-th iteration based on the iterated 

linearized equations for SVC, it is combined with the linearized equation (16) 

representing the EPS itself, and then a new set of state variables is computed [1-

4]. 

(
∆𝐏𝑙

ф

∆𝐐𝑙
ф)
(𝑖)

=

(

 
 

𝜕𝐏𝑙
ф

𝜕𝛅𝑙
ф

𝜕𝐏𝑙
ф

𝜕𝐔𝑙
ф𝐔𝑙

ф

𝜕𝐐𝑙
ф

𝜕𝛅𝑙
ф

𝜕𝐐𝑙
ф

𝜕𝑼𝑙
ф𝐔𝑙

ф

)

 
 

(𝑖)

(
𝛥𝛅𝑙

ф

Δ𝐔
𝑙
ф

𝐔
𝑙
ф

)

(𝑖)

.                        (16) 

The values of SVC are updated with the following expression: 

(𝐵𝑆𝑉𝐶
ф𝑘
)
(𝑖)
= (𝐵𝑆𝑉𝐶

ф𝑘
)
(𝑖−1)

+
∆𝐵𝑆𝑉𝐶

ф𝑘

𝐵𝑆𝑉𝐶
ф𝑘

(𝐵𝑆𝑉𝐶
ф𝑘
)
(𝑖−1)

. 

This calculation completes the i-th iteration, after which the convergence 

of the equations for the three-phase unbalanced power is checked. If the conver-

gence criterion is not satisfied, a new iteration is performed [1-2]. 

Model 2. This alternative model SVC is implemented with the slope angles 

of the thyristors used as state variables. In this case, the iterated linearized equa-

tion SVC has the form [1-4]: 
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(

 
 
 
 

∆𝑃1
𝑎

∆𝑃1
𝑏

∆𝑃1
𝑐

∆𝑄
1
𝑎

∆𝑄
1

𝑏

∆𝑄
1
𝑐)

 
 
 
 

(𝑖)

=

(

 
 
 
 
 
 
 
 
 
 
 

𝜕𝑃1
𝑎

𝜕𝛿1
𝑎

𝜕𝑃1
𝑎

𝜕𝛿1
𝑏

𝜕𝑃1
𝑎

𝜕𝛿1
𝑐

𝜕𝑃1
𝑎

𝜕𝐵𝑆𝑉𝐶
𝑎𝑏

𝐵𝑆𝑉𝐶
𝑎𝑏

0
𝜕𝑃1

𝑎

𝜕𝐵𝑆𝑉𝐶
𝑏𝑐

𝐵𝑆𝑉𝐶
𝑐𝑎

𝜕𝑃1
𝑏

𝜕𝛿1
𝑎

𝜕𝑃1
𝑏

𝜕𝛿1
𝑏

𝜕𝑃1
𝑏

𝜕𝛿1
𝑐

𝜕𝑃1
𝑏

𝜕𝐵𝑆𝑉𝐶
𝑎𝑏

𝐵𝑆𝑉𝐶
𝑎𝑏

𝜕𝑃1
𝑏

𝜕𝐵𝑆𝑉𝐶
𝑏𝑐

𝐵𝑆𝑉𝐶
𝑏𝑐

0

𝜕𝑃1
𝑐

𝜕𝛿1
𝑎

𝜕𝑃1
𝑐

𝜕𝛿1
𝑏

𝜕𝑃1
𝑐

𝜕𝛿1
𝑐

0
𝜕𝑃1

𝑐

𝜕𝐵𝑆𝑉𝐶
𝑏𝑐

𝐵𝑆𝑉𝐶
𝑏𝑐

𝜕𝑃1
𝑐

𝜕𝐵𝑆𝑉𝐶
𝑐𝑎

𝐵𝑆𝑉𝐶
𝑐𝑎

𝜕𝑄
1

𝑎

𝜕𝛿1
𝑎

𝜕𝑄
1

𝑎

𝜕𝛿1
𝑏

𝜕𝑄
1

𝑎

𝜕𝛿1
𝑐

𝜕𝑄
1

𝑎

𝜕𝐵𝑆𝑉𝐶
𝑎𝑏

𝐵𝑆𝑉𝐶
𝑎𝑏

0
𝜕𝑄

1

𝑎

𝜕𝐵𝑆𝑉𝐶
𝑐𝑎

𝐵𝑆𝑉𝐶
𝑐𝑎

𝜕𝑄
1

𝑏

𝜕𝛿1
𝑎

𝜕𝑄
1

𝑏

𝜕𝛿1
𝑏

𝜕𝑄
1

𝑏

𝜕𝛿1
𝑐

𝜕𝑄
1

𝑏

𝜕𝐵𝑆𝑉𝐶
𝑎𝑏

𝐵𝑆𝑉𝐶
𝑎𝑏

𝜕𝑄
1

𝑏

𝜕𝐵𝑆𝑉𝐶
𝑏𝑐

𝐵𝑆𝑉𝐶
𝑏𝑐

0

𝜕𝑄
1

𝑐

𝜕𝛿1
𝑎

𝜕𝑄
1

𝑐

𝜕𝛿1
𝑏

𝜕𝑄
1

𝑐

𝜕𝛿1
𝑐

0
𝜕𝑄

1

𝑐

𝜕𝐵𝑆𝑉𝐶
𝑏𝑐

𝐵𝑆𝑉𝐶
𝑏𝑐

𝜕𝑄
1

𝑐

𝜕𝐵𝑆𝑉𝐶
𝑐𝑎

𝐵𝑆𝑉𝐶
𝑐𝑎

)

 
 
 
 
 
 
 
 
 
 
 

(𝑖)

(

 
 
 
 
 
 
 
 

∆𝛿1
𝑎

∆𝛿1
𝑏

∆𝛿1
𝑐

∆𝐵𝑆𝑉𝐶
𝑎𝑏

𝐵𝑆𝑉𝐶
𝑎𝑏

∆𝐵𝑆𝑉𝐶
𝑏𝑎

𝐵𝑆𝑉𝐶
𝑏𝑎

∆𝐵𝑆𝑉𝐶
𝑐𝑎

𝐵𝑆𝑉𝐶
𝑐𝑎 )

 
 
 
 
 
 
 
 

(𝑖)

        (17) 

 

The new elements of the Jacobian in the linearized equation are as follows: 

 

𝜕𝑃1
ф

𝜕𝛽𝑆𝑉𝐶
𝑎𝑏 = 𝑈1

ф
𝑈1
𝑘 sin(𝛿1

ф
− 𝛿1

𝑘)
𝜕𝐵𝑆𝑉𝐶

ф𝑘

𝜕𝛽𝑆𝑉𝐶
𝑎𝑏 ;                         (18) 

𝜕𝑄1
ф

𝜕𝛽𝑆𝑉𝐶
𝑎𝑏 = −((𝑈1

ф
)
2
− 𝑈1

ф
𝑈1
𝑘 cos(𝛿1

ф
− 𝛿1

𝑘))
𝜕𝐵𝑆𝑉𝐶

ф𝑘

𝜕𝛽𝑆𝑉𝐶
𝑎𝑏 ;         (19) 

𝜕𝐵1
ф

𝜕𝛽𝑆𝑉𝐶
𝑎𝑏 = −

2

𝜋𝑋𝐿
(1 + cos(2𝛽𝑆𝑉𝐶

ф𝑘
)).                       (20) 

The Jacobian elements corresponding to the partial derivatives of the active 

and reactive power values with respect to other phase angles of the nodal voltage 

are calculated similarly to (18) - (20). After solving the system of equations (16) 

and (17), a new set of state variables describing EES and SVC is determined. The 

time values of SVC thyristors are updated using the expression [1-4]: 

(𝛽𝑆𝑉𝐶
ф𝑘
)
(𝑖)
= (𝛽𝑆𝑉𝐶

ф𝑘
)
(𝑖−1)

+ (∆𝛽𝑆𝑉𝐶
ф𝑘
)
(𝑖)
. 

After the completion of the i-th iteration, the obtained solution is used to 

check the convergence of the equations for the three-phase unbalanced power. If 

the convergence criterion is not satisfied, a new iteration is performed [1-4]. 
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