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Composite R/LHTLs are a convenient model platform for realizing media with
pronounced dispersion [1-3]. In works [4—6] it is shown that the propagation of
intramodal wave packets in a planar optical waveguide based on a thin left-handed
film can lead to new qualitative effects, for example, the effect of strong slowing of
light at the carrier frequency coinciding with the frequency of zero group velocity of
the mode [4,5]. In high-frequency R/LHTLs, just as in pure left-handed transmission
lines (LHTLs), the propagation of band signals in the vicinity of cutoff frequencies,
where the phase and group velocities, as well as the matching conditions, depend
sharply on frequency, has been studied insufficiently. In the present work, an analysis
and numerical simulation of wave packets in an R/LHTL loaded by an active
resistance with an input voltage generator whose spectrum is pinned to one of the
cutoff frequencies of the line is carried out.

For a lossless R/LHTL (see Fig. 1a), the telegrapher’s equations with respect
to the voltage u(z,f) and current i(z,f) in the time domain can be represented in the
form:

S O i, Lo —judt (1)
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where L” and C' — the inductance and capacitance of the series branch with
dimensions H/m and F-m, respectively; C" and L' — the capacitance and inductance
of the shunt branch with dimensions F/m and H-m, respectively.

Within the limits L'—c0 and C'—o0, these equations describe the RHTL (Fig.

1b), and under the conditions L'=0 and C’—O they describe the LHTL (Fig. 1¢).
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Fig. 1. R/LHTL (a) RHTL (b) and LHTL (c) w1th source us(t) and load R, and equivalent
circuits of their elementary sections.

YpaBHEHUS OTHOCUTENIbHO CIEKTPAIbHBIX INIOTHOCTEHW Hanpskenusd U(z,m) u
TOoKa J(z,0) B 4aCTOTHOM 00;1aCTH MOTYT OBITh MOJIy4deHbI B BUjie: The equations with
respect to the spectral densities of voltage U(z,w) and current J(z,®) in the frequency
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domain can be obtained in the form:

au(z,») =—Z(0)J(z,0), a/(z,0) =-Y(U(z,0), 2)
dz dz
where
1
Z(0)=ip, (—“ - ";] Y(co>=ip—[—0j° - ";j 3)

where @ =(L'C'Y"2, w.=(L"C'Y'?, pz~(L'IC")'?, py= (L'/C")'™.
For the considered case, the solution of equations (2) can be obtained in the

form:
_ exp(—iB(w)z) I'(®)exp(if(w)z)
U(o)=U, ((D)(l 1T (0)exp(—-2ip(@)d) | T(0)+ exp(2iB(co)d)j ’ ®
where
(@) =(R=R,(@)(R+R (), (5)
R,(©) = Jpspy @, (0 —0,7) o, (@ 0,7 ©

B(@) =5(0)\(p,/py)((0/,) - (0, /0))(o/o, ) (o, /o)) (7)

where Us(w) — is the spectral density of the source voltage u,(¢), s(w)is chosen in
accordance with condition [3]:

s(w) = [+1,ifo) > max( o)d)] v [—l,ifo)< min(o)cr,coc,)].

The wave impedance of the R/LHTL does not depend on frequency and is
equal to Ro(®)=Ry=(pzpy)"? only in the case of a balanced line, when L'C'=L'C"
(w.~m.). The frequency dependence () for balanced and unbalanced R/LHTLs is
shown in Figs. 2a and 2b, respectively. For the unbalanced case, a stopband arises at
0<0<0.., where the constant B(w) is imaginary. For the balanced case L'C=L'C"

(0~0,~.), the stopband disappears.
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Fig. 2. Frequency dependence of the constant B(®w) in R/LHTL, RHTL, and LHTL for (a)
balanced parameters (L"=1 uH/m, L'=1 nH-m, C"=0.1 nF/m, C’=0.1 pF-m) and () unbalanced
parameters (L'=2 uH/m, L'=0.5 nH-m, C"=0.1 nF/m, C'=0.1 pF-m). The shaded regions show the
qualitative position of the generator-signal spectrum.

Consider voltage wave packets in the line excited by a generator signal with a
rectangular spectrum of width 2Am:

U (o) = U, {H(a)—moj_n(ijooﬂs ®
i2A® 2Am 2A®
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where U, — 1s the voltage amplitude, I1(x) — is the rectangular function, and wo — is
the central frequency, the variants of whose position with respect to the dependence
B(®) shown in Fig. 2.

At R=R\(my), the voltage in the line can be obtained in the form:

u(z,t) = _—m %j. mIm eXp(i(o)t —ﬁ((o)z))
4A® 1+ r(w)exp(_zlﬁ(m)d)

) —A®

. F(w)(exp(i(mt + B(oo)z))) d(o,
I'(@)+exp(2iP(w)d)
For pure RHTL/LHTL and for the balanced R/LHTL (Ru(®)=R and I'(®0)=0),

the characteristic impedance does not depend on frequency. At ®.=wy, expression (9)
for the case of RHTL and LHTL can be reduced to the form:

u(z,t)=U, sinc{[z‘ —( B, /(DC)Z]AOJ} sin( o,/ —B,2), (10)

where B=w(L'C")"? for the RHTL and B~=o.!'(L'C")"? for the LHTL. For the
balanced R/LHTL, the expression for the voltage u(z,f) 1s also reduced to a simple
form:

)

u(z,t)=U, sinc((t—2 L’C’Z)Aco)sin((oct), (11)

Here the “sinc” is type envelope propagates with the group velocity. In a balanced
R/LHTL this velocity is two times smaller than in the RHTL and LHTL, and the
carrier has zero phase velocity. These features are due to the fact that in one half-
band we[w—~Am,n.) the packet is formed by harmonic waves with negative phase
velocity, and in the other half-band o € (®.,m.+A®], by harmonic waves with positive
phase velocity.

In Fig. 3a and 3b, the space-time evolution of the envelope and the carrier,
respectively, of the wave packet in a balanced line of length d=1 m is shown. The
calculation of all curves is performed with the same parameters as in Fig. 2. The
parameters common to all three lines are set to the following values: wo=w,,
R(w.)=100 Q, U,=1 V, Ao=w./10. In Fig. 3a, the envelopes in the RHTL and LHTL
coincide; the envelope in all three lines moves from the source to the load. In Fig. 35,
the carriers in the RHTL and LHTL propagate in opposite directions, while in the
balanced R/LHTL the carrier is stationary.

——R/LHTL a) ——R/LHTL
— — —RHTL=LHTL z(m) ———RHTL P

Fig. 3. Space-time evolution of: (a) envelopes and (b) carrier oscillations in the RHTL,
LHTL, and balanced R/LHTL.



XVIII Beepoccuiickas 71 HayuHO-TIpaKTHYECKass KOH(PepeHIINS
Mo10/6IX yaeHbIX «POCCHUSA MOJIOHA Sy

96102.4 21-24 anpeas 2026 r.

In unbalanced R/LHTL, the impedance Rv(®) depends on frequency (I'(®)=0).
Therefore, the voltage in the line is a superposition of forward- and backward-
propagating (incident and reflected) wave packets. Below, a narrowband packet is
considered for two positions of the spectrum: the lower boundary of the spectrum at
the upper cutoff (wy=w.,+Aw), and the upper boundary at the lower cutoff (®o=w.-
Am) (see Fig. 2b). Numerical simulation showed that in these cases the contribution
of the reflected packet to the voltage, and it, can be neglected.

Within the framework of this approximation, the general relation for the voltage
in the line can be obtained in the form of a superposition of two incident wave packets
with quadrature carriers [7]:

u(z,t)=1(z,t)cos(w,z)+0(z1¢)sin(w,t), (12)
where the carrier frequency, w«#wy, 1s taken not at the center of the source spectrum,
but equal to the boundary frequency of the band (0«=w., or ®+=wm.;). At the same time,
the carrier oscillation does not move in space (the phase velocity of the packets is
equal to zero).

The results of numerical simulation of the slowly varying envelopes of the
quadratures introduced into consideration (see (12)) are presented in Fig. 4 for the
cases corresponding to Fig. 25, when Aw,~®».,/10 and Aw~®./10.

I(z.f) a)
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Fig. 4. Space-time dynamics of the quadrature envelopes of voltage wave packets
propagating in the forward direction, in an unbalanced R/LHTL for the cases wo=w+A® and
O0=Wc-A®.

It follows from the figure that the shape of the quadrature envelopes changes
noticeably along the line. These changes indicate an increase in that part of the packet
energy which is concentrated in their temporal tails located after the main lobe. The
cause of such a redistribution of energy is the frequency dependence of the
coefficient I'(w), which arises owing to the strong dispersion of the wave impedance
Ry(®).

Thus, excitation of an unbalanced R/LHTL with a resistive load by a
microwave-range voltage signal with a spectrum pinned to one of the cutoff
frequencies leads to the appearance of incident and reflected voltage wave packets.
For narrowband excitation, the contribution of the reflected packets to the voltage
along the line can be neglected. Dispersion of the wave impedance of the line leads
to noticeable distortions of two incident wave packets with quadrature carriers. The
analytical description of these packets allows the choice of the cutoff frequency as
the frequency of the carrier oscillation, which in this case does not propagate along
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the line. The absence of frequency dispersion of the wave impedance of a balanced
R/LHTL makes it possible to realize a matched-load regime. Excitation of a balanced
R/LHTL by a band packet with central frequency equal to the frequency of zero phase
velocity leads to distortion-free propagation of a wave packet with a carrier
oscillation not propagating along the line.
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